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Paper : MAT-HC-5026 

(Linear Algebra) 
Full Marks : 80 

Time : Three hours 

The figqures in the margin indicate 
full marks for the questions. 

(a) Let A = 

Answer the following questions as directed : 
T9D1x10=10 

13_ 

9 9 
and ç= 

5 

3 

-2 
Check whether k is in null space of A. 

(b) Define subspace of a vector space. 

Give reason why R? is not a subspace 
of R3, 

Contd. 



2. 

(d) State whether the following statement 
is true or false : 

"If dimension of a vector space V is 
p>0 and S is a linearly dependent 

subset of V, then S contains more than 
p elements." 

(e) If is an eigenvector of A 
corresponding to the eigenvalue 2 then 
what is A ? 

() 

When two square matrices A and B are 
said to be similar ? 

(g) If k - (1 -2 2 4) then find . 
(h) Find a unit vector in the direction of 

u= 
[8/31 

2 

Under what condition two vectors i 
and k are orthogonal to each other ? 

Define orthogonal complement of 
vectors. 

Answer the following questions : 

(a) Show that the set W 
not a subspace of R'. 

2x5=10 
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is =:y20 



(b) Let b, -6-[-) 
B=b,, b,}. Find the coordinate vector 

x of i relative to ß. 

r2 
(c) Find the eigenvalues of A = 

(e) 

T:’ P, defined by 

(d) Let Pa be the vector space of all 
polynomials of degree less than equal 
to 2. Consider the linear transformation 

rlao + a,t + azt)= a +2a,t. 

Show that the matrix A = 

respect to the base B -1,t, 

has orthogonal columns. 
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and 

3 -6 

Find the 

3 

of T with 

1 

. 

1 2 

1 

J2 3 
2 

3 

1 

3 

Contd. 

matrix representation (T] 



3. Answer any four questions : 

(a) 

(c) 

Let S =v, vg, ..., ,f be a set in the 

vector space V and H= span (S). Now 

if one of the vector in S, say Vt, 

is linear combination of the other 

vectors in S, then show that S is 

linearly dependent and the subset of 

2+3=5 S, =S-u} still span H. 

b) Show that the set of all eigenvectors 

Smcorresponding to the distinct 
eigenvalues of a nx n matrix A is 

linearly independent. 

Let Wbe a subspace of the vector space 
Vand S is a linearly independent subset 
of W. Show that S can be extended, if 
necessary, to form a basis for W and 

dim W s dim V. 

1 3 O3 

(d) If A = -3 -5 -3 

5x4=20 

3 3 1 1 
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Find an 

invertible matrix P and a diagonal 
matrix D such that A = PDP-1,. 



(e) If 

orthogonal projection of ù onto ç and 
write j as the sum of two orthogonal 
vectors, one in span k} and the other 
orthogonal to ü. 

W. 

) If W = span x, X} where x 

3 

2 

and k 

3 

A= 

Answer elther (a) or (b) from each of the following 
questions : 

then find the 

find a orthogonal basis for 

4. (a) Find a spanning set for the null space 
of the matrix : 

-3 6 -1 1 -7 
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1 -2 

2 -4 

5 

23 -1 

Is this spanning set linearly 
independent ? 

5 8 -4 

10x4=40 

8+2=10 

Contd. 



(b) () If a vector space V has a basis of 
bat 9n vectors, then show that every 

basis of V must consist of exactly 
n vectors. 

(a) 

(u) (ü) Find a basis for column space of 

the following matrix : 6 

B= 

matrix 

1 1 

2 

3 12 1 5 

5 

2 3 
l3 -6 

4 0 2 -1 
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1 5 

81 3 

basis for W. 

20 2 8 

5. (a) Define eigenvalue and eigenvector of a 
matrix. Find the eigenvalues and 
corresponding eigenvectors of the 

5 

2 

8 

4 

O Let T be a linear operator on a finite 
dimensional vector space V and let W 

5897 denote the T-cyclic subspace of V 

2+8=10 

generated by a non-zero vector ve V. 
If dim (W) = k then show that 

, TV), T° o),.., T(o) is a 



(ü) If 

agu + a,T(u)+... +a-T*()+T*b)=0, then the characteristics polynomial of T, is 

f(t)=(-1}lao +at +.. +a-jtk +t*). 

6. (a) ) Define orthogonal set of vectors. 
Let S =k, k,,..., k,} is an 

6+4=10 

orthogonal set of non-zero vectors 
in R", then show that S is linearly 
independent. 1+4=5 

(ü) For any symmetric matrix show that 
any two eigenvectors from different 
eigenspaces are orthogonal. 5 

(b) Define inner product space. Show that 
the following is an inner product in R? 

(u, v) = 4u,Uy +5u,u, 
Where u = (u,, u,), v = (u, v,)eR? 
Also, show that in any inner product 
space V, 

l(u, v)s|uv|, Vu, v eV. 
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2+4+4=10 

Contd. 



7. (a) ) Consider the bases p=|4, b,} 
and y =G, C} for R2 where 

and e, -
etosoa o of coordinate matrix from y to B 

and from B to Y. 

eTotos 19ompute A10 where 

3ert matrix 

M-1, 

2 -1 

3 (b) State Cayley-Hamilton theorem for 
matrices. Verify the theorem for the 
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M--1 2) 

find the change 

3 3 1 

8 

1 

5 

5 

and hence find 

4000 
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