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[n wing aerodynamics, *conformal mapping* is a mathematical technique that used to
transform a complex aerofoil shape into a simpler, more manageable geometric form—
often a circle or a circular arc. This transformation makes it easier to analyse the airflow
around the wing, because the flow equations (which govern how air moves over a
surface) are much simpler to solve for regular shapes like circles.

Once the flow is solved for the simpler shape, the results can then be "mapped back" to
the original, more complex aerofoil shape to obtain the actual flow characteristics.
Essentially, “conformal mapping* helps to reduce the complexity of aerodynamic

analysis by working with a simplified version of the aerofoil geometry, making it easier to
predict how the wing will interact with airflow.




KEY POINTS ABOUT CONFORMAL MAPPING IN WING AERODYNAMICS:

complex variable representation: Aerofoil shapes are represented by using complex
number.

Z=x+iy
where the mapping functions transforms the complex coordinates of the aerofoil to
a new complex plane often a circle or a straight line.
Preserving angles: The key feature of conformal mapping is that it preserves angles
between curves at each point,which is crucial for accurately representing the flow
behaviour around an aerofoil.
Solving for potential flow: By applying a conformal mapping to the aerofoil

geometry we can solve the complex velocity potential of the flow around the wing,

which can then be used to calculate lift, drag and other aerodynamic forces.
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NTRODUCTION

The fundamental problem of wing theory is to understand and predict the flow behaviour
around a wing or a wing system, which is geometrically defined. This involves determining
how air or other fluids move in relation to the surfaces of a wing as it travels at a constant
velocity through the surrounding medium. A crucial aspect of this problem is calculating the

pressure distribution along the boundary of the wing, as this influences the lift, drag, and
other aerodynamic forces acting on the aircraft.

In the context of fluid mechanics, conformal mapping has played a significant role in
addressing this problem. The technique of conformal mapping allows one to transform
complex geometries into simpler ones, making it easier to solve the governing equations of
fluid flow, particularly the potential flow equations. The use of conformal mappings in fluid
mechanics can be traced back to the work of several pioneering mathematicians and
physicists, including Carl Friedrich Gauss, Bernhard Riemann, Karl Weierstrass, Carl
Neumann, Heinrich Anton de Schwarz, and David Hilbert. These individuals developed
mathematical concepts and tools that laid the foundation for understanding complex fluid

dynamics.

Lord Rayleigh, a renowned British physicist and mathematician, is often credited with
providing the first comprehensive treatment of conformal mapping in the field of

aerodynamics. His work contributed greatly to the development of the mathematical tools

necessary for understanding the aerodynamics of wings.

The early 20th century saw the emergence of critical contributions from two influential

figures: Martin Kutta, a German mathematician, and Nikolay Zhukovsky (often referred to as

Joukowsky in modern literature), a Russian scientist. Their joint efforts led to the

development of aerofoil theory, which became a cornerstone of modern aerodynamics. This

theory provided a systematic approach for understanding t
and it marked the beginning of a new

he aerodynamic properties of

aerofoils, specifically the lift generation mechanism,

era in fluid mechanics and aerodynamics.
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Their work, along with the broader contributions of the mathematicians and physicists
mentiOHEd' helped establish the theoretical framework that underpins much of the modern
understanding of aerodynamics. The combination of mathematical techniques such as
conformal mapping and the development of aerofoil theory has been instrumental in

advancing the design and performance analysis of wings and other aerodynamic surfaces.

Fluid flow around an aerofoil
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AlM OF THE STUDY

The purpose of this exposition is to give an elementary intro-duction to the use of conformal
mapping in two-dimensional aerofoil theorywith ideal fluids. Further sections provide us
with the prerequisite background knowledge of basic aerofoil theory and two-dimensional
fluiddynamics respectively. Application part will show how conformal mappings are usedto

reconcile the complicated geometries of aerofoils, resulting in a simplification

of the problem.
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‘BACKGROUND OF THE STUDY

THEORY OF COMPLEX ANALYSIS:

A. Differentiability and C-R equation:

A complex function f is defined in a non-empty open set D id differentiable at
Z, € D, if the limit exists,

Here the value of the limit is denoted by f (z), is called the derivative of f at
Zo. The function f is said to be differentiable in D if it is differentiable at every
point of D.

A function f is said to be analytic or holomorphic at a point a €C if it is
differentiable at every point of some neighbourhood of a. Similarly, f is
analytic in an arbitrary set S if it is differentiable at every point of some
open set containing S. An entire function is the one which is analytic in the

whole complex plane and singular point is appoint at which a function is

said to be analysis.
If f(z) = u(x,y) + iv(x,y) is differentiable at z,,
Then C-R equation hold at o= X, *+ iYo.
If x(zo) = fy(zo)i
Or equivalently,
Ux (Xo,Yo) = Vy(Xo,Yo) &Uy (Xo ,Yo) = -Vx(Xo , Yo
Let f: U— C, where U is an open set in C containing the point z,, &
f(z) = u(x,y) + iv(x,y)forz= x + iy€ Usuppose that;
a. UyUy, x&vyexist at each pointin neighbourhood of zo and are
continuous at zo.
b. The C-R equation is valid at zo

Then f is differentiable at zo & ' (zo) = ux(zo +ivx(zo)




B. Harmonic function:

A real-valued function¢ = ¢(xy) of real variables x and y is said to be harmonic in
an open subset Q of Cif it has continuous partial derivatives of second order and

satisfies the Laplace's equation' in two variables V2¢=0 throughout Q, where V2 is

the second order differential operator given by;
VAb=huct by

The operator ¥ is called Laplace operator or simply a Laplacian. A function v is
called a conjugate harmonic function (or harmonic conjugate) for a harmonic

function u in Qwhenever.

F =u+iv,is analytic in Q.

Note that the word conjugate here is not the same as conjugate of a complex
number z. Further, the harmonic conjugate v is unique, up to anaddition of a real

constant. Indeed, if v1 is another harmonic conjugate of u, so that. F= utiviis also

analyticin Q.

Then the difference,
F- f=i(v1- v) becomes analytic in Q.

C. Principle of conformal mapping:

Complex mapping functions-

Let us consider,

a complex variable z=x+iy.

Let an analytic function of z i.e. w=u+iv where u and v are real & imaginary parts of w,then

the Jacobian is given as

8(uv)/8(xy)=1f(2)]?

it follows that the transformation is one to one in regions where f'(z)=0.




CONFORMAL MAPPING

Let the point (Xo,Yo) of the xy plane is mapped into point (uo,vo). of the uv plane as shown in
the figure while the curves cl and c2 (intersecting at (xo,yo) are mapped respectively into
curves c1’ and c2’( Intersecting at (uo,vo).Then the transformation is such that the angle at
(XoYo) between cl and c2 is equal to the angle at (uo,vo) between cl’ and c2’ both in

magnitude and sense, then the transformation is said to be conformant at (Xo,Yo)

A mapping that preserves the magnitude ofangle but not necessarily the sense

is call isogonal.




pASIC AEROFOIL THEORY AND TERMINOLOGY:

iective of wi i i i
The objective ng theory is to Investigate the aerodynamic action on a wingor system of

: embeddi i ith ei
wings. The ing on the wing with given velocity is described by Bernoulli’s principle.

An aerofoil in our context is the shape of a wing as seen in cross-section

trailing edge.

The chord line means the direct line joining the leading edge of aerofoil to the

The angle of attack which is generally known as a is the angle between the chord

line and the earth’s relative wind.

The locus of points then become the mean camber line which joins the points

between the upper surface and lower surface of Aerofoils.

The resulting curvature of the mean camber line gives the aerofoil its profile.Normal

aerofoils generally have a slightly cambered body.
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Figure 1: Aerofoil schematic
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BERNOULLI’S PRINCIPLE.

To understand the reason behind the lift force L, we need to understand Bernoulli’s
principle. The most important part of the lift force experienced by the aerofoil is attributed
mainly to the difference in atmospheric pressure at the upper and lower surfaces of the

aerofoil. This difference in Pressure at the upper and lower surfaces of the aerofoil results

from the shapeof the aerofoil& by assuming that the kuttacondition holds.

KUTTA CONDITION:

The kutta condition states that the fluid flowing over the upper & lower surfaces of the
aerofoil meets at the trailing edge of the aerofoil, see the fig below.Thekutta condition holds
because of friction between the boundary of the aerofoil& the fluid. Also, the angle of
attack of the aerofoil must not be so large that the flow around the aerofoil is no longer

smooth or continuous. when the angle of attack is so too large, the airplane will stall.
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Figure 3: Kutta condition occurs in Flow # 1
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. DIMENSIONAL FLUID DYNAMICS

There are two Ways to proceed when studying the fluid interactions around an aerofoil. To

make the distinction, we will need the following definitions.

Definition:Sheer stress is a measure of the force of friction from a fluid acting on a body in
the path of that fluid.
Definition: The viscosity of a fluid is the measure of its resistance to gradual deformation

by sheer stress. For example, honey is more viscous than water.

Here, we will assume:

o The fluid is ideal i.e. a fluid with zero viscosity.

° The fluid is Incompressible i.e. its density remains constant.
o The fluid must satisfy the kutta condition.

o The second is that we need the aerofoils velocity relative to surrounding fluid is to

besubsonic, otherwise shock waves make the fluid flow discontinuous.

1. Potential Flow

Let us suppose an ideal fluid flowing over the Z-plane with vector velocity U which,

is horizontal and independent of depth. Let C be a curve in the-plane passing through

the points a = ol + ia2 and B= Bl + B2, and letS be the surface through C with

elements perpendicu|ar to the L-plane. LetVs denote the component of U along C at

the point &= &+ in, and let gand n components of Uat{beuandy, respectively. Then,

the flux across C through Sis;

8
H= ] —vd€ + udn.
o
Now H is independent of the path from a to B if and only if,

N-v) Ou

M € (1)




f,the integral

(1

' ¢
v, n) = / —vd | udny

defines a function § known as the stream function. If (1) holds, the fluid is
incompressible. Again, equation (1) impliesthat the divergence of of the fluid is zero.
Thus, incompressible ideal fluid, the divergenceof the fluid at every point is zero,
which means that the fluid is notreduced in volume by an increase in pressure, and

so the density of the fluidmust remain constant.We define the circulation along C
from a to B to be,

8 8
G=[ Vsds=f udf + vdn.

43

Now, G is independent of the path from a to B if and only if

If (2) holds, the integral

¢
&, n) = f ud€ + vdy

o

defines a function ¢ known as the velocity potential. Notice here that equality of (2)
implies that the curl of the fluid is zero. Thus, a fluid is said to be irrotational if (2)
holds at every point. The complex function

F=¢+ip=f()

is called the generalized potential function. Since

dep Oy 3
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r/
f is an analytic function of U=€+i
, : - in. A fl
function F s called a potential flow OW that can be represented by such a
harmonic functions. We may obtain t

Since F is analytic, the functions ¢ and ¢ are
he velocity components of F from dF/dZ. Thus

C_IE b ¢ _01,’)
¢~ Ot + 1& =u - iv.

(3)
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Vector field for a source flow.

Vector field for a sink flow.

Vector field for a vortex flow. Vector field for a doublet.

Finally, for a doublet whose axis is the line of angle a with the &-axis and of
moment (strength) M at (o, the potential is

Mei

o= o




consider a flow where all the streamlines are straight lines converging or diverging from a
central point. If the flow isdiverging from the central point, the flow is referred to as a
source flow. and if the flow is converging to the central point, the flow is referred to as a
sink flow.Here for fluid flowing with a uniform velocity Ue'® at the point %o, where U and a

are real, the potential function is,

Fp = ¢g + ithg = Ue™*(C = Co)-

For a vortex of circulation I' € R centred at o, see, the potential outside of a circle of radius a
cantered at Z,is,

\
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Flow Around a Cylinder:
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In this section we study the superposition of a rectilinear flow with uniform velocity with a
doublet flow and a vortex flow, each having common centre 0. This will model the flow

around a cylinder, see Figure 8. The potential Fc = ¢ + i, for such a flow around a cylinder
of radius a is

~ T

: e Mei " il ¢~ Cn)
A F(‘ =Fpy = Fyy — Fy, = Ue™ @ e $ —— 4 —lo g 4
e T AR DI (€ - ) et % g( = (4)




Now, to properly model the flow around the cylinder we must require that the flow across
the boundary of the circle ¢ - % = ae' be zero. This means that for 7 on the circle, the

imaginary part Y. of Fc must be zero, and from (4) it follows that M = Ua2, The velocity
function for this flow is given by,

dF ; U a?cte i 1 )
= =Ue™ - ———— | ——— = U - iV, (5)
d¢ € —C)? 2a¢ -0 ¢ N

By Bernoulli’s equation, we have

fizl

3 Jio e ™ iVy)*d = pe + ipy = R,

Cl=r

where R is the total resultant force of the drag Peand lift Py, resulting from the pressure on
the circular boundary 7 = re® If a = 0, it follows that

Thus, if a =r, Py = PrU. We have shown that if our circle of radius a represents the boundary

of a cross-section of an infinity long, solid, cylindrical body placed in an in-viscous airstream,

then the body will experience a per unit length lift force of measure prU at right angles to

the stream. This result is known as the Kutta-Joukowski theorem.

METHODOLOGY

Suppose that, in the Z-plane, there is a region G, which is the cross-section of a uniform,

infinitely long body for which the potential function for a plane flow is known and is given
by,




"7 ensures that the fluid velocity w; at infinity in the z-plane is proportional to the fluid
velocity we at infinity in the {-plane. We have F(z) = F(§) when T = t(2), and thus it follows
that for corresponding z and g, $(§, n) = ®(x, y) and Y(§, n) = W(x, y). Let c1, c2€ R. Then to

each potential line ¢ = c1 in the {-plane there is a corresponding potential line ® = ¢; in the

z-plane, and to each streamline Y = c2 in the Z-plane there is a corresponding streamline w

= ¢z in the z-plane.

Now, condition (ii) on T that 8T/ 8z is finite and non-zero on the entire {plane outside of G
is made such that the family of curves ¢ = c1 and § = c2 in the Z-plane outside of G are
mapped conformally, preserving angles, into the z-plane outside of P, forming the families
® = c1 and W = c,. Since the curves ¢ = c; and = c; are orthogonal, the curves ® = c1 and
W = c2 must also be orthogonal. Thus, given a potential F(¢) and a region G representing
the cross - section of a uniform, infinitely long body, we have shown how to find the

potential F(z) for the flow of an ideal fluid around a body with any profile and cross-section

given by P, which is formed from G by a conformal mapping.

APPLICATION

In this section we will think of G as being the cross-section of a cylinder of radius a and we

will think of P as an aerofoil. We derived the potential function for flow around a cylinder. It
is given by,

it : Ua?e™® il ¢~ Co
F(Q) = Ue™(¢ - ) + T + 5hhog (5. ©)
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Conformal Mapping Research
Center

W‘x\_ﬁotaung Cylinder

Use complex variables o
to map from one geomelry e —— ]
to another Airfoll




" oW, We want our aerofoilP to satisfy the Kutta condition. Thus, we will assume that P has

 “sharp trailing edge”, and we will assume that the angle of attack a is small. In this case

we can calculate the circulation I around the aerofoil and we cal dc |<, 0-to calculate the
ift. penote the trailing edge of the aerofoilP by % and the corresponding point on the
cylindef G by .. We will orient ourselves such that the air foil P is facing left (like in the
figures above). Then the trailing edge %: of P occurs on the lower right-hand side of P. It will

turn out that the corresponding point Gt of G will be on thelower right-hand side of the

gylinder G and thus there is an angle 0 < B < /2 such that {; = (o +ae™®

The Kutta condition is modelled mathematically by requiring from (5) and the Kutta

condition, it follows that.

4| _ ggein _ ygtonm o L g8 _ )
27a
Thus,
27 i i
& ‘T“IU (e!(&+ﬂ) - e—l(n-}-ﬁ)) = AralUsin(a + B)- (10)
1
By the

Kutta-Joukowski Theorem, the lift force acting on the aerofoil can be computed with the
formula pru. Thus, from (10) the lift force is given by L = 4npaU?sin (a + B). Now that we
have developed all the theoretical background necessary to understand conformal
transformations between cylinders and aerofoils, we present a couple of examples. We
just need a transformation T, satisfying the conditions in section 4.1, mapping points from
the z-plane to the I-plane. The first set of aerofoils are represented by the Joukowski

transformation, which f given by

z=¢+§. G

Given a properly defined inverse, this transformation satisfies the conditions in section 4.1.
The non-conformal points of this transformation are the points z = +2b corresponding to
the cusp at the end of a Joukowskiaerofoil. Changing the value of b changes the shape of
the resulting aerofoil. A small b value produces a thicker, cylindrical aerofoil. A larger value
of b will create a thinner aerofoil. If b = a (the radius of the cylinder in the {-plane), then

the corresponding aerofoil will be a flat line, it is just the chord of the aerofoil. The




ski family of aerofoils resulting from (11) have two important restrictions. One is

p joukow
that these

aerofoils have zero tail angle at the trailing edge, and the other is that they are

re|atively thin.

The second transformation is a generalization of the Joukowski transformation. The

K'arm -an-Trefftz transformation is given by,

2= ,\(1 4 %)'\ P ( = %)A
(1 i %)A — (1 ~ %)J\f

where A=2 -0 /rtand 6 is the tail angle at the trailing edge of the a
shows that the K’arm’an-Trefftz

erofoil. Notice that if ©

=0, astraight-forward, but messy calculation

reduces to the Joukowski transformation.
y and pressure distributions as

transformation The K arm’an-Trefftz

transformation yieldsaerofoils having improved fluid velocit

compared to those of the Joukowski transformation.




Conclusion

Eluid flow around @ wing is a very complex problem. But by reducing the problem to two

gimension® and studying airfoils, it can be attacked using the complex variable techniques

and
scripts 2
transform

in parﬁcular the geometric features of conformal mapping. There are plenty of Matlab

nd Java applets on the net to help get intuition about the Joukowski and Karman

ations.
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